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Examples are given of subrings of k[x, y] and prime ideals in these subrings for which the ideal- 
adic and ideal-symbolic topologies are linearly equivalent while the powers are not primary. We 
also generalize a theorem of Huneke concerning the condition I(PRo)< ht(Q) for all Q properly 
containing p. 
Introduction 
Let R be a commutative Noetherian ring and let P be a prime ideal of R. The set 
of ideals {pn}, n_> 1, defines a topology on R called the P-adic topology. Consider 
also the set {pin)}, n_> 1, where pin) is defined to be the inverse image of pnRp 
under the map R ~, Rp (pin) is called the nth symbolic power of P and it is the 
P-primary component of pn). This set determines a topology on R called the P- 
symbolic topology. 
Definition. The P-adic and P-symbolic topologies are said to be linearly equivalent 
if there exists an integer k_>0 such that P(n+k)cpn for all n>0.  
Remark. The P-adic and P-symbolic topologies are linearly equivalent if and only 
if the graded ring R~Pt(~p(2)t2~pO)t3~ ... (the 'symbolic Rees ring') is a 
finite module over the graded ring R ~ Pt(~ p2 t2~ p3 t3(~ ... (the 'ordinary Rees 
ring'). A proof for this fact can be obtained by using techniques similar to those 
given in [3, Theorem 250]. 
Schenzel has made a study of the linear equivalence of these topologies [11]. In 
particular he has characterized, in terms of analytic spread, the prime ideals P whose 
P-adic and P-symbolic topologies are linearly equivalent. In [10] Ratliff extends 
Schenzel's results to primary ideals, and concludes the paper with examples of 
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primary ideals q having the property that the q-adic and q-symbolic topologies are 
linearly equivalent (the q-adic and q-symbolic topologies are defined in an 
analogous way). He remarks, however, that he knows of no example for which the 
above topologies are linearly equivalent, but high powers of q are not primary (i.e~ 
q,~ q(n) for all large n). 
In this note we provide examples of prime ideals P in Noetherian domains R for 
which the P-adic and P-symbolic topologies are linearly equivalent, while pn #:p(n) 
for all n >_ 3. We also generalize a theorem of Huneke, and we address a related 
question of Ratliff. 
1. Examples 
Let R be a commutative Noetherian ring and I an ideal of R. Recall that the in. 
tegral closure 7 of I is the set of elements x e R such that x satisfies an equation of 
the form x m + al x m- ~ + "" + am- ~ x + am = 0, where a i E I i. Consider the sets of 
prime ideals Ass(R/ I  n) and Ass(R/In), n = 1, 2, 3, .... In [9, Theorems 2.4 and 2.7] 
Ratliff proved that Ass(R/ I  n) is nondecreasing (P ~ Ass(R/ I  n) = P e Ass(R/In-~)) 
and that the sequence stabilizes, and Brodmann [1] showed that Ass(R/P) 
stabilizes. Following [6] which also contains arguments for these results, we will 
denote these stabilized sets by ,~*(I) and A*( I )  respectively. 
Remark. In [9, Question 3.1], Ratliff asks whether the sequence Ass(R/ I  n) t')A*(1) 
is nondecreasing. The following example, a variation on an example given by A. 
Sathaye [6, p. 2] shows that in general the answer is no. 
Example 1.1. Suppose k is a field and x,y,  z, u are indeterminates, and let 
J=  (xy - Z 2, xt/3, y2, YZ, yu ,  uz, u 4) k[x,  y, z, u]. Consider the ring T and maximal 
ideal Jr" given by T= k[x, y, z, u]/J  and Jr'= (2, y, ~, g)T where ' - '  denotes image 
under the natural homomorphism. Now set R = T~r, ~= Jr'R, P= (y, f, Q)R. Then 
Ass(R/P 2) N A * (P ) (Z Ass(R/P 3) N A * (P ). 
Proof. Since .P,~'CP 2 it follows that ,A~'EAss(R/p2). Furthermore, u -~ ,.dt'CP 4so 
• ~EAss(R /P4) .  But p4=0,  hence J g~Ass(R /P  n) for all n>4 which implies 
,41~A*(P). We claim however that ,A( #i Ass(R/p3). This follows because if 
d,.dgCP 3, then d.fEP 3 and, by construction, d.fEP 3 implies dEP 3. [] 
Remark. Note that the above example is not an integral domain. Ratliff has inform- 
ed the author that R.C. Cowsik now has an example of a Noetherian domain R and 
a prime ideal P such that Ass(R/P n) N A*(P)  is not monotone. 
Suppose (R~)  is a local ring. By l(1) we will mean the analytic spread of/ .  Recall 
that by definition l ( I )= d im(R/ .~(~I /~ l (~ I2 / jg l2 (~ ... ) (for more information 
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on analytic spread see [7]). Recall also that (R~)  is said to be unmixed if 
dira(~/q)=dim(R) for every q eAss(R), and R is quasi-unm~ed if 
dim(/~/q) =dim(R) for every minimal prime ideal q of R (where R denotes the ,M- 
adic completion of R). If R is an arbitrary commutative ring, we say that R is locally 
unmixed (quasi-unmixed) if RQ is unmixed (quasi-unmixed) for every prime ideal Q 
of R. Ratliff has shown [8, Theorem 3.6] that a Noetherian domain is locally quasi- 
unmixed if and only if R is universally catenary (any two saturated chains of primes 
in R[X] with common endpoints have the same length). We will use the following 
result of Schenzel: 
Corollary 1.2 (Schenzel [11, Corollary 1]). Let R be a locally unmixed Noetherian 
ring and P a prime ideal of R. Then the following are equivalent: 
(1) The P-adic and P-symbolic topologies are linearly equivalent; 
(2) I(PRQ)<ht(Q) for all QeA*(P )  \ {P}; 
(3) .~*(P)-- {P}. 
Huneke and 
l(PRQ)<ht(Q). 
p3 (~) ... ) 
McAdam had earlier noticed the importance of the condition 
In [2] Huneke proved (recall that grp(R)=R/P~P/P20)p2/  
Theorem 1.3 (Huneke [2, Theorem 2.1]). I f  R is a universally catenarian Nagata 
domain and P is a prime ideal o f  R for which grpRp(Rp) is a domain, then the 
following are equivalent: 
(1) I(PRQ)< ht(Q)for every Q properly containing P; 
(2) pn = p(n) for  all n > 1; 
(3) gr,(R)r~t is a domain. 
Meanwhile in [5, Theorem 3] McAdam showed that if R is locally quasi-unmixed 
and/is an ideal of R, then QeA*( / )  if and only if I(IRQ) = ht(Q). Assuming I=P  
is prime, the contrapositive of McAdam's result says that Q6,~*(P) if and only if 
l(PRQ) < ht(Q), consequently ,4" (P) = {P} if and only if l(PRQ) < ht(Q) for every 
prime Q properly containing P. Combining the work of Huneke and McAdam we 
obtain a slight strengthening of Theorem 1.3. 
Theorem 1.4. Suppose R is a locally quasi-unmixed Noetherian ring and P is a prime 
ideal of  R with PnRp an integrally closed ideal for  all n>_ 1. Then the following 
statements are equivalent: 
(1) I(PRo ) < ht(Q ) for all prime ideals Q properly containing P; 
(2) pn = p(n) for  all n >_ 1. 
Furthermore, i f  grpRp(Rp) is a domain, then (1) and (2) are equivalent to 
(3) gre(R)red is a domain. 
Remark. If grpRp(Rp) is a domain, then the order function on (R~PRp) 
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(ord(y)=n if yePnRp\pn+lRp)  defines a valuation. Hence each P'~Rp is a~ 
valuation ideal (contracted from a valuation ring), and valuation ideals are always: 
integrally closed. Therefore the condition that pnRp be integrally closed holds 
when grpRp(Rp) is a domain. 
Proof  o f  Theorem 1.4. If we assume that grpRp(Rp) is a domain, then Huneke's 
proof of (2) ~ (3) = (1) is still valid as it does not use the Nagata assumption or___~e 
domain assumption. On the other hand, we always have (2) = (1) because if pn= 
P(") for all n>_l, then pn is P-primary for all n_>l, hence ~*(P)={P} and 
McAdam's result yields (1). Therefore we need only prove (1) = (2). Since PnRp is 
integrally closed qf l (PnRp)=p(n)  is as well (easy to check), and since pn is the 
smallest integrally closed ideal containing pn we have that PnC ~0-I(PnRp)=p(n). 
On the other hand, using McAdam's result, (1) implies that A*(P)= {P}. This 
means that pn is P-primary for all n> 1, therefore P(n)=~o-I(pnRp)C~o-I(pnRp)-~ 
P~. [] 
We now present he examples promised in the introduction. 
Example 1.5. Assume k is a field and let R = k[x 2, x 3 y, Y3, y5] where x and y ate 
indeterminates. Let P= (x 2, x 3 y)R. Then P is a prime ideal and the following 
statements are true: 
(1) p2=p(2) and t~:/ :P in) for all n>3;  
(2) p(n) = pn for all n_> 1; 
(3) the P-adic and P-symbolic topologies are linearly equivalent. 
Proof .  Observe that the integral closure of R is l~=k[x,y] ,  and that P=xRCIR. 
This shows that P is a prime ideal. For convenience we will list the powers of P: 
p = (x 2, x 3 y) 
p2 = (x 4, x 5 y, x 6 y2) 
p3 = (x 6, x 7 y, x s y2, x 9 y3) 
p4 = (X 8, x9y, xlOy2, XI1 y3, x12y4) 
p5 = (X10, xll y, x12y2, x13y3, x14y4, X15 y5) 
p6 =x2p5 
pn = x 2 p , , -  1 = x2, , -  10 pS 
(1) Suppose r ¢ P (e) \ p2.  Since r ~ P \ P 2 we may write r = rl x2 + r2 x3 y, where 
r 1, r 2 e R and either r I ~ R \ P or r2 e R \ P. Assume first that r I e R \ P. Then rl is 
not divisible by x in/~. Since r ~ p(2) there exists s e R \ P such that sr ¢ p2, and s 
also is not divisible by x in •. Thus, s(rl x 2 + r2 x 3 y) ~ p2 C p21~ = x 4 R which im- 
plies that srl + sr2 xy ~ x 2 R. Hence srl + sr2 xy is divisible by x 2 in ~, which leads to 
a contradiction as x does not divide sr I . Therefore we may assume rI e P and 
re e R \ P. This means that rl is divisible in i~ by x 2, and r~ is not divisible by x in 
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~. Write rl =x  2 r3 where r 3 eR. Then sr=sr 1 x2+sr2x3y =St 3 x4+sr2x3yEp2 C 
X 4 R. Dividing by x 3 yields that sr 3 x+ sr2y e xl~ which provides a contradiction 
as x does not divide sr2y. Therefore p2 =p(2). Suppose now that n---3. We 
claim that x 2" y2E p(n)\ pn thus showing that pn #=pin). For n >_ 5 we have pn= 
(x2n ' x2n + 1 y, x2n + 2 y2, X2n + 3 y3, X2n + 4 y4, X2n + 5 y5) and since y2 ¢ R it follows that 
X2n y20~ pn. This argument also works to show x 6 y2 ¢ p3 and x s y2 ~ p4 (the only 
difference being there are fewer generators for pn), therefore x2ny2q~P n for all 
n___3. However y3(x2ny2)=x2nySEpn because y5 ~R. Since ya¢p it follows that 
X2n y2 6 p(n). 
(2) Since R is a homomorphic mage of a Cohen-Macaulay domain it is locally 
unmixed. From the equation p6 =x 2 p5 it follows that P has a principal reduction, 
and since the equation remains true locally (pC RQ =x 2 p5 RQ for all primes Q con- 
~ning P), I(PRQ)= 1 for all prime ideals Q properly containing P. We will show 
that PnRp is integrally closed, and then apply Theorem 1.4. Observe that 
Rp= k(y) Ix 2, x3]t~,x3), and that PRp= (x 2, x3)Rp. Observe also that the integral 
closure (R~) of Rp is k(y)[X]¢x) and P~(Rp)NRp=x2n(~)NRp=(f~ Rp), the last 
equality being a property of principal ideals. On the other hand, we can see directly 
that P"(RI,)N Rp=P" Re, so putting the two together yields that P" Rp is inte- 
grally closed. Now by Theorem 1.4, p00 =p,  for all n > 1. 
(3) Using Schenzel's result (Corollary 1.2), the linear equivalence of the two 
topologies follows from the above observation that I(PRQ) = 1 < ht(Q) for all prime 
ideals Q properly containing P. 
A different proof using (2) is the following: Since R is an excellent ring (see [4, 
p. 259]), l~ O) Pt t~-P-'2 t2 t~ ... = R [Pt] is a finite module over R (~ Pt (~ P 2 t2 t~ .... 
By (2) pn= pin) therefore R O)Pt(~P t2) t2~. . ,  is a finite module over R[Pt]. By 
the remark in the introduction the topologies are linearly equivalent. [] 
Note that the above R is not Cohen-Macaulay since the system of parameters 
{x 2, y3} does not form a regular sequence. It is interesting to observe that the sub- 
ring T of R defined by T= k[x 2, x 3 y, y3] = k[u, o, w]/(o 6- u 9 w 2) is Cohen- 
Macaulay, but  if P=(x 2, x3y)T, then pn =pin) for all n_> 1. This raises the ques- 
tion of whether or not there exists an example of the above type where the ring is 
Cohen-Macaulay. The answer is yes as the following example and remark show: 
Example 1,6. Assume k is a field and let R =k[x 3, xSy 3, xl5y 2, yT] where x and y 
are indeterminates. Let P = (x 3, x 5 y3, xl5 y2)R" Then R is Cohen-Macaulay, P is a 
prime ideal and pm~ p(m) for all m > 2. 
Proof. To show that R is Cohen-Macaulay we observe that R=k[u, v, w, z]/  
( wT- u 35 z 2, 0 3 -  wz), where u, v, w and z are indeterminates. 
This isomorphism holds because it can be shown that (w7-u35z2, 03-  wz) 
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k[u, o, w, z] is a height 2 prime ideal and that (W 7 -  U 35 Z 2, 0 3 -  WZ)k[u, O, W, Z]( 
ker(~p) where tp- k[u, o, w, z] ~ k[x 3, x s y3, xl5 y2, y7] (by u ~ x 3 etc.), thereby 
forcing (w 7 - u 3s z 2, o 3 - wz) k[u, o, w, z] = ker tp. It follows from the isomorphisnl 
that R is Cohen-Macaulay, because W7--/,/35Z2, O3--ZW must form a regular 
sequence in k[u, v, w, z]. 
We may now identify P with P= (~, 0, ~) where ' ' denotes image modulo 
ker(~). Since ker(q0 C (u, o, w) k[__u, v, w, z], we conclude that P must be a prime 
ideal. Next, we claim that un~'E(p)tn+3)\(P) n+3 for n=0,1 ,2 ,  .... Since 
wz =__07 ~ (p)3, it follows that u --~ wz = u n ~ ~ (p)n + 3. Observing that ~ ~ P, one s~s 
that un~e(P)  (n+3). To finish the claim we must show that un~ (p)n+3. Suppose 
instead that un~, ~ (p)n+3. Then unw e ((u, o, w) n+ 3, w 7 - u35z 2, 0 3 - wz) k[u, o, w,z] 
and we may write unw=b+al(w 7 -  u 35 Z2)+a2(o 3 -  wz), where al, a2 e k[u, o, w, z] 
and b e (u, v, w) n+3 k[u, v, w, z]. By rearrangement unw-al  u 35 z2-a2 0 3 + a 2 wz= 
be(u,  o, w) n+3 k[u, o, w, z]. But unwCi(u, o, w) n+3 k[u, v, w, z], hence in order to 
have be(u,  o, w) "+3 k[u, o, w, z] there must be cancellation of the element u"w. 
Upon analyzing -a~ w7+al u35z2-a2 03+a2 wz one sees that it is impossible 
to cancel off unw. This contradiction proves the claim and we have that 
u n~, e (p)(n + 3) \ (p)n + 3 for n = 0, 1, 2, .... Furthermore, a similar argument 
shows that ~ e (p)(2) \ (p)2. Therefore p(m) #:pro for all m_> 2. [] 
Remark. It is also true that the P-adic and P-symbolic topologies in the above exam- 
ple are linearly equivalent. Observe that R=k[x,y] ,  hence PR=x31~. Als0, 
P=x3R N R = (x-~R). If Q is any prime ideal of R properly containing P, then 
PRo.= (X-~Q) This implies that I(PRQ)= 1 for all such Q and linear equivalence 
follows. 
I am indebted to Professors W. Heinzer and C. Huneke for their helpful 
comments. 
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